NIU Physics PhD Candidacy Exam - Fall 2025

Quantum Mechanics

You MAY SOLVE ALL FOUR PROBLEMS! THE three best graded COUNT TOWARDS YOUR TOTAL SCORE.
(40 POINTS EACH; TOTAL POSSIBLE SCORE: 120 POINTS)

I. TWO FERMIONS [(10+10+20) PTS]

Suppose that two identical spin-1/2 fermions, each of mass m, interact only via the potential

Rran
C3R2 r

V(r)

where r is the distance between the particles, and S, and S, are the spin operators of the two particles, and a is a constant.

a) For bound states of the system, the total spin angular momentum squared S? = (5‘1 + 5_"2)2 can only have one value.
What is it, and why?

b) What values of the orbital angular momentum quantum number are allowed for bound states?

c) Find the energies and degeneracies of the ground state and the first two excited states of the system.

Il. MYSTERY POTENTIAL [(10+10+6+14) PTS]

The wave function for a particle of mass m moving in one dimension, subject to a potential U(x) is given by
Y(w,t) = O(x)ze "t
where ©(x) is the Heaviside step function:

1 ,2>0
O(z) = { 0 ,else

k & w are real constants such that ¢ (z, t) is a properly normalized wave function that obeys the time-dependent Schrédinger
equation for potential U(z).

a) Sketch this wave function at time ¢ = 0. Mark and label any significant features, e.g., zeros and extrema.

b) Using what you know about 1, make a qualitative sketch of the potential U(z) governing this system, indicating in
particular any classically forbidden regions and classical turning points.

c) Is the particle in a state corresponding to a definite energy? If so, what is the energy (in terms of k and/or w); if not,
why not?

d) Derive an expression for the potential U(z) in terms of k, w, m, and h. Does your result agree with your sketch?



I1Il. TWO ELECTRONS IN A BOX [(25+10+5) PTS]

Consider two non-interacting electrons confined within a 1D box. Define the single electron eigenvalue states as
[0),]1),]2),etc.

for the ground, first, second, etc. excited states of each electron in the box. Denote the spin via: [1) or |{).
In this notation, the ground state is given by:

1
V2

Consider the lowest energy excited states for this system. There are four antisymmetric states corresponding to this energy
level. These states can be distinguished by their quantum numbers for the total spin angular momentum: magnitude j and
z-component m.

(M 1) = 1) 1)) 10} 0)

a) Write down each of these states in terms of the individual electron energy and spin states listed above (as shown for the
ground state). Make sure to properly normalize the states.

b) List the value of the z-component of the total spin angular momentum m for each of these states.

¢) You should have found two states with m = 0. For spin states with the same j, the symmetry or antisymmetry under
interchange of the two spins is independent of the m value. Using this argument, identify which of the two m = 0 states
corresponds to j = 1 and which to j = 0.

IV. HARMONIC OSCILLATOR [(14+14+12) PTS]

Consider a harmonic oscillator

2
1
H = QP—m + imwzx?

Do the following algebraically, that is, without using wave functions.

a) Construct a linear combination [} of the ground state |0) and the first excited state |1) such that the expectation value
(x) = (Y| z ) is as large as possible.

b) Suppose at ¢t = 0 the oscillator is in the state constructed in a). What is the state vector for ¢ > 0?7 Evaluate the
expectation value (z) as a function of time for ¢ > 0.

c) Evaluate the variance A%z = ((z — (z))?) as a function of time for the state constructed in a).

You may use

h

Yoo (a + aT) and p =14/ Fm;w (aT — a) ,

where a and a' are the annihilation and creation operators for the oscillator eigenstates.

xTr =
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I. ASYMMETRIC 1D POTENTIAL WELL [(10+22+8) PTS]

Here we consider a particle of mass m in the 1D potential well V' (x) defined by
oo, <0
Viz)y=4¢ 0, 0<z<a .
Vo, > a
Here a > 0 and Vy > 0.

a) Write down the Schrddinger equation and boundary conditions for the wave function ¢ (z) of the particle. Under what
condition for the eigenenergy E do you expect a bound state?

b) Show that the bound state energies are defined through the transcendental equation
E
t ( \/E) — =
an vy VB

c) Without further calculations, sketch the ground state wave function and the potential V().

with some constant 7 you need to find.

Il. A SPIN 1/2 PARTICLE [(10+10+10+10) PTS]

A particle of spin 1/2 is in the spin state:
5(3)
vs\z)

a) If you measured S, what values might you get, and what is the probability of each?

Note, that ((1)) and ((1)) are the eigenstates of 5’2.

b) If you measured S'y what values might you get, and what is the probability of each?
c) If you measured S., what values might you get, and what is the probability of each?

d) Is the state an eigenvector of $2? If so, what is its eigenvalue?



IIl. HYDROGEN ATOM [(25+15) PTS]

In studying the hydrogen atom, one usually takes the proton to be a point charge. The ground-state wavefunction is
proportional to e~"/%  where aq is the Bohr radius, and its energy is —13.6 eV. Suppose that instead all of the proton's
charge is distributed uniformly over the surface of a spherical shell of radius R, where R/ag < 1.

a) Find the shift in the energy of the ground state, at first order in perturbation theory compared to the usual treatment.
You should give the answer in the approximation of the lowest non-trivial order in R/ay.

b) For some unperturbed states, the shift in the energy is much smaller, in the sense of being proportional to a higher
power of R/ag than the result of the previous part. For how many states with energy lower than —1 eV is this true?
Give a complete listing of these states. (For the purposes of this problem, assume that the electron and the proton have
no spin.)

IV. PARTICLES IN A HARMONIC-OSCILLATOR POTENTIAL [(15+5+10+10) PTS]

Two particles, each of mass m, are bound in a one-dimensional harmonic-oscillator potential V; = $k2? and interact with
each other through an attractive harmonic force Fo = —K(x1 — x2), where z; are the individual positions. You may take
K to be small.

a) Provide a general expression for the eigenvalues and eigenfunctions of the system based on single-particle harmonic-
oscillator solutions.

b) What are the energies of the three lowest states of this system?
c) If the particles are identical and spinless, which of the states of part b) are allowed?

d) If the particles are identical and have spin 1/2, what is the total spin of each of the states of part b)?
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I. 1D HARMONIC OSCILLATOR WITH PERTURBATION [(10+24+6) PTS]

A 1-dimensional quantum harmonic oscillator has mass m and angular frequency w. The usual raising and lowering operators
are al and a, where

mw 1
o= x4ii—_p 1
2h 2hwm W)
and [a,af] = 1. The eigenstates of the unperturbed Hamiltonian are |n), with a|n) = /n|n—1) and af|n) =
vn+ 1|n+ 1). Consider the operator
W =\t (2)

with A a positive real constant.

a) Find the complete selection rules for the matrix elements (k| W |n). In other words, what are necessary and sufficient
conditions on & and n for this matrix element to be non-zero? (You do not need to compute the matrix elements in
this part.)

b) If W is added to the Hamiltonian as a perturbation, find all of the energy eigenvalues, at first order in perturbation
theory.

c) Give a rough estimate for how large A\ can be such that perturbation theory can be trusted for the ground state
energy.

Il. STEP POTENTIAL [(20+20) PTS]

In one dimension a particle of mass m is traveling from the left to the right. It encounters a potential step at z = 0, i.e.,
the potential can be written as V(x) = VO(x), where O(z) is the unit step function and V5 > 0. Solve the Schrédinger
equation and calculate the probability that the particle is scattered backwards by the potential in these two cases:

a) For energy E < Vj.
b) For energy E > Vj.



I1. SPIN 1/2 PARTICLE [(10+6+20+4) PTS]

a) What are the eigenstates and eigenvalues of S'U and S.7? (You can just write these down.)

b) Write down the squares and commutation relation for the Pauli matrices.

Now we consider a particular quantum state of a spin-1/2 particle, described by the spinor

1 <l>
vE\2/) "’
which is given in the basis of the eigenstates of S..
. . N . N2
c) Calculate <Sz>, <Sy> <S§> and (AS,)? = <(Sy — <5’y>) > for the above spinor.

d) What is the probability that a measurement of Sy gives the value 7/2?

Hint: The Pauli matrices are on the formula sheet.

IV. ROTATIONAL INVARIANCE [(10+10+10+10) PTS]

In many systems, the Hamiltonian is invariant under rotations. An example is the hydrogen atom where the potential V' (r)
in the Hamiltonian
2

p
H=:>—+V
o TV(),

depends only on the distance r to the origin.
An infinitesimally small rotation of a wavefunction ¢ (x,y, z) about the z-axis by an angle d¢ can be represented by an
operator R, g4 with

Rz,d¢ 1/](1.7 Y, Z) = 1/)(1 - yd¢7 Yy + $d¢, Z)v
a) Show that the operator R, 44 can be expressed in terms of the operator of angular momentum component L.

b) Starting from the expression of L, in Cartesian coordinates, show that L, can be related to the derivative with respect
to ¢ in spherical coordinates. Derive the ¢-dependent part of the wavefunction corresponding to an eigenstate of L.

c) Show that if R, 44, commutes with the Hamiltonian, then there exist eigenfunctions of H that are also eigenfunctions
of Rz,dqg.

d) Using the fact that the components of angular momentum L; with ¢ = 2, y, 2 commute with the Hamiltonian, show
that L? commutes with the Hamiltonian.
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I. CHARGED PARTICLE IN A MAGNETIC FIELD [(5+15+20) PTS]

The Hamiltonian for a spinless charged particle in a magnet field Bis given by
N . o A2
H=(F-24m)

where ¢ is the charge of the particle, p' = (py, py,p.) its momentum conjugate to the particle’s position 7, and A the
magnetic vector potential. Here we assume for the vector potential A = —Byye,, where €, is the unit vector in -
direction.

a) Write down the Schrédinger equation for the particle. What is B?
b) Prove that p, and p, are constants of motion. What does this imply for the energy eigenfunctions of this problem?

Hint: An observable A is a constant of motion if its expectation value <121> = ()| A|t) is time independent.

c) Calculate the energy eigenvalues of the system.
Hints: Use b)! Show that the energy eigenvalues do not depend on p,.

Il. SPIN OPERATORS [(8+12+20) PTS]

Consider a quantum system with two independent spin-1/2 operators, S, and gg, so that the state space is spanned by a
basis of S1, and Sy, eigenstates [11), [11), [{1), and |L]). In each ket, the first entry labels states with S;, eigenvalue
+7%/2, and the second entry labels states with Ss, eigenvalue +//2. The Hamiltonian for the system is

a = = b
H = ?Sl 'S2 + E(Slz + SZz)~

The system is in the state

) = c(4[t1) +3i[th) +2[11) +i[L),
where c is a real positive constant. You should solve for and eliminate ¢ from your answers.
a) Suppose that S, is measured. What is the probability that the outcome is +#/27?

b) Suppose that the measurement in part a) was made, and that the outcome was indeed +%/2. If the z-component of
spin 2 (that is, Sa,;) is measured, what are the possible outcomes and their probabilities?

c) Now suppose that instead of the measurements in parts a) and b), the energy of the original state was measured.
What are the possible outcomes, and their probabilities?



IIl.  HARMONIC OSCILLATOR [(3+7+10+15+5) PTS]

Consider a spinless particle of charge ¢ and mass m constrained to move in the xy plane under the influence of the
two-dimensional harmonic oscillator potential

Viz,y) = %mw2 (2 +°).

a) Give the Hamilton operator H for the two-dimensional harmonic oscillator in rectangular coordinates.

b) Give the stationary states and the corresponding energies for the Hamilton operator H.

Remark: you may use without proof the stationary states |n) and the corresponding energies for a one-dimensional
harmonic oscillator.

Now we turn on a weak magnetic field B = (0,0, B) pointing in the z-direction, so that (to first order in B) the Hamilton
operator acquires an extra term

q qB
H =-p-B= *%(L'B) = *%(Ipy — Yps)

that we treat as a perturbation to H.
c) Find the first-order correction to the energy of the ground state.
d) Find the first-order corrections to the first excited state energies.
e) Interpret your results for parts c) and d). Your answer should be brief, not more than two or three sentences.

Hint: The ladder operators for the one-dimensional harmonic oscillator are
W TN G 3 of = [T (s
—V o2n mw —V 2n mw

IV. POTENTIAL WELL [(8+10+10+12) PTS]

4
Let us consider a particle of mass m in an infinite square potential well A V(x) A
V(x) [0 for |z| < g, oo otherwise]. The potential well is depicted in
the figure.

a) Redraw the potential well and sketch the lowest three eigen-
functions (for n = 1,2, 3 with n being the quantum number).

b) Calculate the energy eigenenergies E,, of the particle.

Next, we consider the wave function

W(z) = \/ix,o [cos (m2/(2x0)) + 2sin (71/z0)] | X, 0 X,

which is a linear combination of the lowest two eigenfunctions.
c) Find the value of v, such that ¢(x) is normalized.

d) Calculate the expectation value of the kinetic energy.
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I. POTENTIAL BARRIER [(10+10+10+10) PTS]

A particle with energy F, traveling from the left, encounters a potential barrier of width a and finite energy Vj. The
potential as a function of x is therefore:

0 for <0
Viz)=<qVy for 0<z<a
0 for z>a

a) Consider these two cases.

e E > Vi where the energy of the particle is higher than the barrier

o E < Vj where the energy of the particle is lower than the barrier

Write down the Schrodinger equation and find an Ansatz for the wave function in the different regions, including the
wave number.

b) In both cases, give the corresponding boundary conditions and write down the system of equations that define the
unknown parameters of the Ansatz in a).

c) Consider the case for a — co. Redo parts a) and b) under this condition. The modified potential is given by:

0 for <0
Viz) =
(@) {Vo for >0

d) Find the transmission probability T for the potential described in c) and E > V.

Il. TWO INTERACTING SPINS [(12+12+8+8) PTS]

Two identical particles of mass m move in 3 dimensions in a harmonic oscillator potential V(r) = %mw2r2, where 7 is the

spherical radial coordinate. They interact with each other only through a spin-spin interaction Hamiltonian H;; = c§1 -52,
where ¢ = 1,2 label the two particles and ¢ is a constant.

a) Suppose that the identical particles have spin 1/2, and that ¢ = 0. What are the lowest two energy eigenvalues and
their degeneracies?

b) For the states in part a), but now taking ¢ # 0, what are the exact energy eigenvalues and their degeneracies?

c) Now suppose that the identical particles have spin 1, and that ¢ = 0. What is the lowest energy eigenvalue and its
degeneracy?

d) For the states in part c), but now taking ¢ # 0, what are the exact energy eigenvalues and their degeneracies?



IIl. HARMONIC OSCILLATOR [(4+7+7+15+7) PTS]

Given a one-dimensional harmonic oscillator with Hamiltonian

2
1
H = g—m + imoﬁxz

and a wavefunction 1 (x) which is a mixture of the n = 0 and n = 1 states
U(x) = N [tho(x) — 2¢1 ()]

where 1o(x) and ¢ () are the normalized eigenfunctions of the lowest two energy eigenstates and N is the normalization

constant. Note that
_ e L A
“=\ 2 <x+ mw) “ 2h (I mw)

b) Find the normalization constant N.

a) Draw ¢ (z).

c) What is (E) in terms of m and w?
d) What are (z), (2?), and Az (the uncertainty of z)?

e) What is (p)?

IV. TWO CONFINED PARTICLES [(5+20+15) PTS]

In one dimension, a particle of mass m is attracted to the origin by a linear force —kx. Its Schrodinger equation has
eigenfunctions

Yn(§) = Ha(§) eXp(*§2/2) )

where ¢ = (mk/h?)"/*z and H,, is the Hermite polynomial of order n (you do not need the explicit expressions for those

in this problem). The eigenvalues are
1 g\ /2
E, = (n + ) hw, where w= <) .
2 m

a) Write down the potential for the particle and sketch it.

Next, we consider two non-interacting distinguishable particles (¢ = 1,2), each of mass m, each attracted to the origin
by a force —kx;. Write down expressions for the Hamiltonian, eigenfunctions, eigenvalues, and their degeneracies for the
two-particle system using each of the following coordinate systems:

b) single-particle coordinates x1 and .

c) relative [x = xo2 — x1] and center-of-mass [X = (z1 + x2)/2] coordinates.
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l. RELATIVISTIC OSCILLATOR [10+10+20 PTS]

A particle with (resting) mass mo moves in the harmonic potential $mow?z? in one dimension. In the non-relativistic limit,

2
where the kinetic energy T and momentum p are related by T' = 2”70, the ground state and its energy are well known. The
latter is By = %hw
Now we allow for relativistic corrections in the relation between 7" and p.

a) Derive the relativistic kinetic energy T, as function of p starting with T}, = mc? — mqc?, where the relativistic mass

is given by m = mg(1 — v2/c?)~'/2. You need to express T, in terms of p, mg, and c.
b) Expand T, in small p/(mgc) to order c=2 (c = speed of light).

c) Calculate the ground state energy shift AE due to the correction T;. — T calculated in b), which is oc p*. Use first
order perturbation theory.

Useful formulas: |adder operators for the harmonic oscillator: G = /755> (:1; +
integral: [ e~ @ +Y)? gy — V5 fora>0

i oA AT mow N T oA\ .
mowp), at = /5" (a: mowp) - Gauss

II. PERTURBED HYDROGEN [(16+10+10+4) PTS]

Suppose that a Hydrogen atom is initially in an energy eigenstate |¥) with energy Ey. Then at time ¢t = 0, a light wave
of (angular) frequency w and electric field amplitude £ shines on the atom. According to first order perturbation theory,
the probability amplitude for finding the electron in a new energy state |U,,) (energy E,) is given by

e—zEnt/h

t
C [ E I V(s ) o) dr 0

<wn| ¢0> = Wh

0

If the potential V(x, T) for the light wave is given by

V(m, 7_) — %ez(pw—hwr)/h — V(:E)e—um— (2)
a) Show that the probability, Py_,(t), that the electron makes a transition from Ej to E,, is given by
.2
sin“(AFEt/(2h
Poown(®) = G 0, v ) o) P, 3)

with AE = E,, — Ey — hw and a numerical constant C' (calculate its value).

b) For a fixed time, sketch the graph of Py_,,(t) as function of AE assuming the spatial integral, (¥,,|V (z)|¥q) is
constant with respect to E,, and w and indicate the values of AE where Py_,,(t) goes to 0.

c) Explain how this plot, or its analytical expression, shows that energy conservation can and will be violated by an
amount AFE as long as AE < h/t.

d) Explain how Eq. (3) can also be interpreted as a special case of the uncertainty principle, (AE)t > h.

Hint: sin® (#/2) = [1 — cos f] /2



IIl. LINEAR POTENTIAL [(24+16) PTS]

A spinless particle moves in 3 dimensions in a linear potential V(r) = ar, where r is the spherical radial coordinate and a
is a positive constant.

a) Use a trial wavefunction proportional to e*" to estimate the energy of the ground state.

b) Use an appropriately modified trial wavefunction to estimate the lowest energy with non-zero angular momentum

IV. SPIN FLIP [(448+2044+4) PTS]

In the presence of a magnetic field B = (B, By, B.), the dynamics of the spin 1/2 of an electron is characterized by the
Hamiltonian H = —up o - B, where pip is the Bohr magneton and o = (04,0,,0.) is the vector of Pauli spin matrices.
(The orbital part of the electron dynamics is completely ignored.)

a) Give an explicit matrix representation for H.

In the following, we investigate the time-dependent two-component wave function ¥ (t) = (‘;((f))) characterizing the dynamics
of the electron spin.

b) We assume that for ¢ < 0 the magnetic field B is parallel to the z axis, B(t < 0) = (0,0, B,) and constant in time.
i

0
Solve the time-dependent Schrédinger equation to obtain ) (t) such that (¢t = 0) = (0)

c) At t = 0 an additional magnetic field in x direction is switched on so that we have B(t > 0) = (B,,0, B.). Solve
the time-dependent Schrédinger equation for ¢ > 0 using the ansatz

w(t) = a(t) \ _ { a1 coswt + agsinwt
T\ b)) T\ bycoswt+ by sinwt

Hint: The boundary condition ¥ (t = 0) = ((1)) simplifies the calculation of the frequency w and the coefficients aq,
az, bl, and bg.

Note also that in order to get a solution (t) valid for all times ¢t > 0, we may split the coupled equations into
equations proportional to sinwt and cos wt.

d) Verify the normalization condition |a(t)|? + |b(¢)|> = 1.

e) Interpret your result for |b(¢)|? by considering the limiting cases B, < B, and B, > B,.

Hint: The Pauli spin matrices are on the formula sheet.



