Nonparametric Estimation of an Additive Model

with Cross-Terms and a Known Link Function

Maria Ponomareva*

Northwestern University

December 7, 2009

Abstract

In this paper I extend the two-step estimator of the additive nonparametric model
with a known link function proposed in Horowitz and Mammen (2004) to cover the ad-
ditive models with multiplicative interaction terms. I find the same rate of convergence
(n?/®) for estimators of both the univariate additive part and the multiplicative interac-
tion part. I show that this convergence rate does not depend on the dimension of the

vector of covariates.

1 Introduction

Additive models with multiplicative interaction terms provide the nonparametric ex-
tension to the simple linear regression model that includes interactions between the
covariates. These models are useful in economic analysis since they allow to capture
the cross-factor effects that are common in e.g. the production function analysis or
demand analysis. However, the majority of the literature that studies those types of
nonparametric models focuses on pure additive models that do not include any interac-
tion terms (see e.g. Linton and Nielsen (1995), Linton (2000), or Horowitz and Mammen
(2004)). In this paper I fill this gap and provide a nonparametric estimator of the ad-

ditive univariate terms and two-factor interaction terms in the additive model with a
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known link function. I extend two-step estimator of Horowitz and Mammen (2004)
to cover additive models with bi-factor interaction terms and show that it possesses
similar properties. When both additive univariate components and cross-term univari-
ate components are twice continuously differentiable, the estimator is asymptotically
normally distributed with the convergence rate n?/® regardless of the dimension of the
vector of covariates. The estimator discussed in this paper can be easily adjusted to
cover the case where the multiplicative cross-terms are composed of more than two uni-
variate factors while preserving the convergence rate. In particular, adding factors to
the multiplicative terms affects the the rate of the second-order term of the asymptotic
expansion of the estimator discussed in this paper, but it does not affect the rate of the
first-order term.

The rest of the paper is organized as follows. In section [2| I formally state the
problem, provide the conditions for identification and describe the two-step estimator of
the univariate components of the additive model with bi-factor cross-terms. In section
I present theoretical results that supports the validity of this two-step procedure. I
illustrate the behavior of the estimator with two small simulation exercises in section

bl Finally, section [6] concludes. All proofs are collected in the Appendix.

2 The Model

Consider the following model:

Y, =F <u—|— Zm] (X7) Z hag(XF)hoy (X )) + Ui, (1)

j=1 kl=1,k<l

where E[U;]X;] = 0, X; € R? is a continuous random vector with density f(z), and F
is a known link function. Throughout the paper I assume that density function f(-)
has a compact support. The goal is to estimate unknown additive and multiplicative
components: p, {m;,j=1,...,d}, and {hy, ho,k,l=1,...,d,k <} based on the
sample {(Y;, X;),i =1,...,n}. For the ease of the presentation of the results, in this

paper we will deal with a simplification of the model in that includes only a single



cross-term component:

Y;=F <u + ij(Xg') + hl(X})hg(Xf)) + U;. (2)

j=1

There are several nonparametric estimators for this type of models available in the
literature. In general, one can ignore the structure of the model and use a series esti-
mator developed by Newey (1997), or a local linear estimator proposed by Stone (1977)
and Cleveland (1979), or finally a Nadaraya-Watson kernel estimator. However, all
these estimators suffer from the curse of dimensionality, so that the rate of convergence
of these estimators depend on the dimension of the vector of regressors. In the context
of the additive model without cross-term component, Stone (1985) shows the rate of
convergence estimator based on splines does not depend on the number of covariates
and therefore does not suffer from the curse of dimensionality.

For pure additive models, Linton and Nielsen (1995), Linton and Hérdle (1996), and
Chen, Hardle, Linton and Severance-Lossin (1996) propose various estimation procedure
that based on marginal integration. Linton and Nielsen (1995) also consider a pure
multiplicative submodel with two components show that it also can be estimated by
marginal integration procedure. In the case when the dimension of the problem is
d = dim(X;) < 2, their marginal integration estimator has a convergence rate n?/.
However, when d > 3, Linton and Nielsen (1995) estimator requires the number of
continuous derivatives of additive or multiplicative terms to go up with the size of the
problem.

The optimal convergence rate for the estimator based on the marginal integration
in this case is n# 1, where r is the number of continuous derivatives. To avoid this
“curse of dimensionality”, in the case of the pure additive model without the cross
terms, Horowitz and Mammen (2004) propose a two-step method that achieves a n?/°
convergence rate regardless the dimension of X under the minimal assumption that
second order derivatives are continuous. Another two-step procedure that also attains

% is proposed in Linton (2000). In this paper I show how

the convergence rate of n?
the approach in Horowitz and Mammen (2004) can be extended to the case when
the model contains bothadditive and multiplicative terms. Next subsection addresses

identification issues and describes the estimator.



2.1 Two-Step Estimator

Identification. For the identification purposes, since p, {m;,1 < j < d} and {hq, ho}
in are identified only up to a location, we need to fix the location. Let the support
of each component of the vector of regressor X; be [~1, 1], so that suppX] = [~1,1].
Then we pin down the location by assuming that functions {m;,1 < j < d} and {hq, ho}

satisfy
1

1
/mj(x)dx =0, and /hl(:z;)d:r: =0
el 1
for any j = 1,...,d and | = 1,2. Also, observe that cross-term hq(-)hs(-) identifies
functions h; and hy only up to scale. Therefore, we assume that hy(—1) = hi1 # 0 to
pin down the scale. Finally, if e.g. hi(x) = 0 for any = € [—1,1], then hy(-) is not
identified, and vice versa. Therefore, we assume that hy(z) # 0 and hy(x) # 0 for any
€[-1,1].

Two-Step Estimator. The procedure proposed in this paper is based on the two-
step estimator introduced in Horowitz and Mammen (2004). The first step estimator is
a series estimator that estimates all the components of the model in simultaneously.
The second step estimator is a local linear estimator that treats each component indi-
vidually, while employing the first step estimator for the remaining parameters. The
series estimator uses the following notation: let {py,k =1,2,...} be an orthonormal
basis for twice continuously differentiable functions on [—1, 1], that satisfy the following

conditions:

Condition 1. (a) f pr(x)dz =0 for any k;

(b) fpk x)dx =0 for any k, jsuch that k # j and fpk Ydx =1 for any k;

(c) For any1 < j <d,l=1,2 and any v € [—1,1]¢, there exist H,imj) and 9,(;”) such
that

=360 pi(x) and hy(x Z o (3)

o0
k=1

These are standard conditions imposed on the basis functions that justify the use of
series estimator. The two-step procedure for estimation of cross-term components can

be summarized as follows.



Step 1: Series Estimator. Let p"(v) = (p1(v),...,px(v))" be the vector of first x basis

functions. For any z € [—1, 1]¢, define

d

g(@) = p+ ) my(a?) + ha(ah)ha(a?) (4)

Jj=1

and let
Gu(0;7) = p+ p (@) 0™ 4 (a0 4 [pr(at) 9] [pF(a?) o] .

Let {(Y;, X;),i = 1,...,n} be arandom sample from the distribution of (Y, X'). Suppose

that é\,m is a solution to the minimization problem:

L
minS,,.(0) = — ; {¥i = F(0(0: X)), (5)
where O, C R (@2 is a compact set. Then the first-stage series estimator of g(z)
is ¢, (0 m,x). The corresponding first-stage series estimators for m;(z) and a;(z) are
mi(x?) = p“(:zcj)@ﬁ:j) and El(xl) = p“(ml)@f%) respectively, for any 7 = 1,...,d and
1=1,2.

Step 2: Local Linear Estimator.

Define m(x) = i+ Zml( Y and §(z) = m(z)+hy (z))ha(22). Let K be a kernel function

defined on [—1, 1] and let Kj,(v) = K (%) for h > 0. Consider the following optimization

problem:

minS,, (b, by; ') =

n bobn N 6
;{Yi — F(m(X;) + (bo + bi (X} — ")) ha(X7)) P K (2! — X}) 0

Il
3=

Define the set of first and second partial derivatives of S, (bg, by; ') with respect to by
and by, evaluated at the point (b = hy(z1), b} = 0):

~\ _ 0Sn(bo bl-xl)
S/ ( 1 ) = 501 5
nb ab * 1k )
0 0 (bg.b%)
~ __ 9Sn(bo,b1;xt)
S/ 1 = ,015 .
nbl( ) by (b* bf) )
__ 0?2 Sn(bo b1; ml)
S//
oo (01+9) = 5 (bg57)




1" (x17§’) = 928, (bo,b1;z1)

nboby odbr | oy )
0071
" 1 =\ — 92Sn(bo,b1;zt)
071

The second-stage estimator of a cross-term hy(z!) is given by:

" _qn

T 7 o nblbl (xl? g) ;Ibo (.1:1, g) nbobl (.’171, g)S%bl (SCl? g) (7)
~ ~ ~\72
S;{bobo (xlvg)sgblbl(xlag) - [S{{bobl (Jflag)}

This is a one Newton step descend from the point (El(zl), 0) towards the minimum of
@. Pure additive components m;(-) can be estimated analogously with the appropriate
choice of the objective function in @ Next section provides a set of sufficient conditions

for consistency and asymptotic normality of this two-step estimator.

3 Results

First, I introduce some additional notation. For any matrix A define the norm ||A|| =
(trace(AA"))"2. For any k € N let I}, be k x k identity matrix. For any two oy, as € R

define the following two matrices:

I, 0 O
v(ag, ag) = 0 gy O
0 0 (0%)]

and

r ( ) 1 0
O, & == .
b 0 v(g, ) ® I,

Both v(ay,ay) and T'x(aq, as) are diagonal matrices. Using this above notation, I

define matrices

Qn = E[F/ (g(X))2 (Fn<h2(X2)7 hl(Xl))PH(X)) (Fm(hQ(XQ)a hl(Xl))PN(X»I]



and

\Ijn :leE[F, (g(X))2 V<X) (FH(hQ(XQ)a hl(Xl))PH(X))
% (Du(ha(X?), b (X)) Pa(X)) Q5

K

where V(z) = Var(U|X = x). Note that (), and ¥, are positive semidefinite d(x)x d(k)
matrices, where d(k) = 1 + k(d + 2). Finally, let \; min be the smallest eigenvalue of

Q. and ¢, = sup | P.(x)||. Below is the set of conditions that are sufficient for
ze[—1,1¢
consistency and asymptotic normality of the two-step estimator. These conditions

closely follow assumptions A1-A7 from Horowitz and Mammen (2004), so that the con-
dition that we need for consistency and asymptotic normality of the two-step estimator
of multiplicative components are not more restrictive than the conditions we need for

consistency and asymptotic normality of the two-step estimator of pure additive model.
Assumption 1. The data {(Y;, X;),i = 1,...,n} are i.i.d. sample from (2, F, P), and
d

E(Y|X =)= F(u+ > m;(2?) + hi(z")ho(2?)) for almost any = € [-1, 1)4.

This is a standard random sampling assumption. Also, this assumption specifies
the structural form defined in for the conditional expectation of Y conditional on
X.

Assumption 2. (i) The support of X is X = [—1,1]%.
(i) The distribution of X is absolutely continuous with respect to Lebesgue measure.

(11i) The probability density function of X is a bounded twice continuously differentiable

function on [—1,1]" and is bounded away from zero.

(iv) There are constants cy > 0 and Cy < oo such that cy < Var(U|X = x) < Cy
for all x € [-1,1]%.

(v) E|U]> < oo for all j > 3. Also, there is a constant Cyy < oo such that E|U) <
Ci%41.

Assumption 3. (i) There is a constant C,. < 00 such that |m;(v)|,|a;(v)] < Cae,
foreach j=1,....d,1=1,2 and any v € [-1,1].



(i1) Each function {m;,1 < j <d}, hy and hy is twice continuously differentiable on
[—1,1].

(i1i) There are constants Cp, < 00, cp, > 0,Cp, < 00 such that |F(v1) — F(ve)| <
Cp lv1 —ve| and cp, < F'(v) < Cpg for all vy,v,v € V =
[ min g¢(z), max g(z)]. Here function g is defined in .

ze[—1,1]4 z€[—1,1]d
(iv) F is twice continuously differentiable on V.
(v) There are constants Cr, < oo and Sy > 5/7 such that |F"(vy) — F"(v9)| <

Cr, vy — 1)2|S1 for all vi,vy € V.

Assumptions [2| and (3| impose some regularity conditions on the parameters of the
model (functions {m;}, hi, he, and F) and distributions of vector of covariates X
and error term U. In particular, we require known link function F' to be Lipschitz
continuous, so that applying function F' to the series expansion of g preserves the

convergence rate of this expansion.

Assumption 4. (i) There are constants Cq < oo and cy > 0 such that |Q;;] < Co
and Mg min = €y for all k and all i,5 =1,...,d(k).

(ii) The largest eigenvalue of W, is bounded for all k.
Assumption 5. (i) The basis functions {py,k =1,2,...} satisfy conditions |1 (a),
(b) and (c).
(ii) There is a constant ¢, > 0 such that (. > ¢, for all k sufficiently large.
(iii) (. = O(k'?) as k — oo.

(iv) There are constant Cy < oo and vector Oy € [—Cp, Col™ such that

sup  |g(z) — du(Oro; )| = O(K72) as k — .
ze[-1,1)¢

(v) For each k, 0. is an interior point of [—Cp, C’g]d(”).

Assumptions [4] and [5| provide regularity condition that are sufficient for the consis-

tency of a first step series estimator.

Assumption 6. (i) k = C.n*Y for some 0 < C, < o0 and 0 < v <
min{1/30, (751 — 5)/[30(1 + S1)]}.



(1) h = Cpn= for some 0 < Cj, < oc.

Assumption 7. The function K is a bounded, continuous probability density function

n [—1,1] and is symmetric about 0.

Here Assumptions [6] and [7] specify the rate at which the number of basis functions
k used in a first step estimation goes to infinity with the sample size, rate at which the
bandwidth A used in the second step shrinks to zero, and restricts the choice of kernel
functions to the family of symmetric probability density functions.

Under those assumptions, theorem below shows that the first step series estimator

is consistent and characterizes its asymptotic expansion and convergence rate.

Theorem 2. Suppose that Assumptions 1] through[7 hold. Then

(a)

Ok — 00|l — 0 almost surely as n — oo,

() D= 00 = Oy (217 + 35

(¢) sup [0 (0us: ) = 9(2)| = Oy (5w + ).

and finally,

(d)

é\nﬁ - 9/{0 = ZU F, (hQ(XQ) hl( ))PN(XZ)

+ QQIEZ [F(g(X0)* (Tulla(X2). (X)) Po(X))

X (Culha(X2), hi(X])) Po(X0)) bao(Xi) + R,

where |R,|| = O, <m + %)

Define the following set of auxiliary variables:

Do) =2 f [F(g(a, Fa)))? [ha@)] (o) (' For)dT
Di(a') = 2 J [F (g, )] (ha(@)] (o) 22200,

1
Ag = [VK(v)dy;
21



Bk =
Bi(ah) = Cietsy [ ala!, 30) F (g (o, 520)) [ha(3)
Vi(a') = Gy gty [ Var(Ula!, -0) [F'(g(«!, Z-0)) [he

)

(
(2, 71) = F'(gla", )i (a) {42200l — 31 (a1 o (32) |
+F/(g(a, F )R ().

(K (v)] dv;

|| L%H

[~

Theorem 3 (Asymptotic normality for multiplicative components). Suppose that As-
sumptions through@ hold, and let I (x1) be a second stage estimator of hy(x') defined
in (7). Then

-8 (zt, Di(z1)/D S ) .
)= 1 g)+[,;,l(D0)(/x1;( Dlsty, ! g)+0p<n_2/5) uniformly over |zt| <

(a) hi(a")—hi(z!
1—h,

(b) 12 [Ra(at) = ha(e)] £ N(Bi(e), Va(a)),

(c) n*P(hi(z") = hi(z1)) and n*3(ha(a?) — ho(2?)) are asymptotically independently
distributed. Moreover, n?/%(hi(z') — hy(z")) and n?5(m;(z7) —m;(2?)) are asymp-
totically independently distributed, for any j # 1.

Theorem 3| shows that the second step estimator has pointwise convergence rate
equal to n?/® and is asymptotically normally distributed. Moreover, estimators of both
univariate additive and cross-term components in the model evaluated at different
points are asymptotically independent. Next section describes the optimal choice of

the bandwidth in empirical applications.

4 Bandwidth selection

The general rule of the bandwidth selection is to choose bandwidth that minimizes
Mean Integrated Square Error (MISE) or Asymptotic MISE (AMISE). In our case, for
each h; and any given weight function w(-), the AMISE for the bandwidth h = Cyn=1/°
is given by

1
4

AMISEp, (Ch) = nt / w(@)[(Bi () + Vi ()] da’

-1

10



Recall that 3 (z') and Vi(z!) in the expression for AMISE}, depend on the choice of

~1/5

Ch. The asymptotically optimal bandwidth sets C} in h = Cyn as to minimize the

AMISEy,. Define 3 (z') = C2Byi(xt) and Vi(2!) = C; 'Voi(a!). Then

AMISE, (Cy) = ns /w(ycl)[C’f{(ﬁgl(ycl))2 + Cy Wy (o)) dat

Therefore, the asymptotically optimal C} for the estimate of h is given by

. }w(ml)%l(xl)dxl ’
Cr=~|+ : (8)
1 Twat) (o ()2

-1

A plug-in estimator of C} can be obtained by substitution of Gy (z') and Vi (z') in
(8) with their consistent estimates (e.g. kernel estimators). The same method can
be used to obtain plug-in estimators of the asymptotically optimal choice of C}, for
other multiplicative cross-terms (hy in our case) and additive univariate components
{m;,j=1,...,d}.

To estimate asymptotically optimal bandwidths simultaneously for all component
of the additive model, one can use the Penalized Least Squares method proposed in
Horowitz and Mammen (2004).

5 Simulation

In this section, I consider two simple examples with d = 2. Both models have a logistic
link function F(v) = +=

1+ev "
Design 1: Let

P(Y =11X =) = F (fu(a") + fa(2®) + 2'27),

where

fi(z") = sin(r2') and fo(2?) = ®(32?).

The covariates ! and 22 are independent and uniformly distributed over [—1; 1]. Sample

11



Actual and Estimated f1(x)

Figure 1: Design 1: First and second step estimators of f;

size is n = 500. The first step estimator uses B-splines and x; = 4 for f; and ko = 2
for fy; Tchebychev polynomials are used to obtain a first-step estimator of interaction
terms. The second-stage estimator sets h; = 0.5 and hy = 1.5 and uses a kernel
function K(v) = 22 (1 — v2)* I (Jv| < 1). Figures [1 and 2| plot the results of the two-
step estimation procedure: first step series estimators (dashed lines) and second step
estimators (dotted line). Observe that the second step estimator has smaller integrated
squared error than series estimator.

Design 2: Let
PY =1X =z)=F (z' + 2> + fi(z")(fo(z*) — 1/2)),

were f1(+) and fo(+) are the same as in previous case. B-splines and Tchebychev poly-
nomials are used to obtain a first step estimator, with the parameters specified as in
the Design 1. The second step estimation uses h; = 0.5 and hy = 1.5 and a kernel func-
tion K (v) = 12 (1 — v2)* I (Jv| < 1). Figures |3 and 4| show the results of the estimation
procedure: dashed lines for the first step series estimator and dotted line for the second
step estimators. Again, we observe that the second step estimator behaves better than
the series estimator in the case of function f5(-), but for this particular sample it turns

out to be inferior in the integrated squared error sense to series estimator for fi(-).

12



Actual and Estimated fz(x)

Figure 2: Design 1: First and second step estimators of f,

Overall, the two-step procedure performs satisfactory in these examples.

6 Conclusion

In this paper I show how the technique developed in Horowitz and Mammen (2004) can
be used to estimate both univariate additive terms and multiplicative two-factor terms
in the non-parametric additive model with a known link function. I show that both
estimators of univariate components and cross-term components are asymptotically
normally independently distributed with the rate of convergence n?°. This is equal
to the rate of convergence obtained by Horowitz and Mammen for the additive model
without multiplicative cross-terms. The method proposed in this paper can be extended
to cover the estimation of additive models where cross-terms are composed of more than

two univariate factors.

13



Actual and Estimated f1(x)
1.5 T T T T

1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Figure 3: Design 2: First and second step estimators of f;

Actual and Estimated fz(x)
2 T T T T T T

-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

Figure 4: Design 2: First and second step estimators of fs

14



7 Appendix

The following notation is used throughout the appendix:
d .
9(z) = p+ Yomy(a?) + ha(z')ho(a?),.

j=1
d .
m(z) = p+ Zlmj(fﬂ),
=
gb,@(ﬁ;x) = u +pn<m1)/9(m1) 4. —i—p“(xd)’e(md) + [pn(xl)/g(hl)} [p”(xQ)IQ(hQ)} ,

I} is k X k identity matrix,

I, 0 0
7((117 Oéz) = 0 ar 0
0 0 [6%)

r ( ) 1 0
w(aq, ag) = )
b 0 y(ag,an) ® I,

L2ty = pr(a) %Y,

2(22) — pr(a?) 60,

To(O; ) = To(pr(22) 002, p () O,
AT (B ) = Tp(0; ) — T(0,0),

AT o(x) = Tw(ono(2?), areo(xt)) — Tx(0,0),

0 0 0
Ag(z) =1 0 0 pr(at)pt(x?)
0 pt(a?)p*(z') 0

Proof of Theorem[J: 1 begin with six auxiliary lemmas that help prove Theorem

Lemma 4. There is a constant a > 0 and C < oo such that

P | sup |S,x(0) — E[Snx(0)]| > ¢
€O,

< Cexp (—na52)

for any sufficiently small € > 0 and all sufficiently large n.

Proof: Write S,,.(6) = %ZY? — 25,461(0) + Spwa(6), where
i=1

Sne1(0) = 1" YiF(6x(0; X3))

i=1

and

15



n

’VLKQ :nlz ¢K6’X
=1

Define Spy1(0) = Sp1(0) — ES,1 (0). Divide ©,, into hypercubes with edge-length equal
to some [ > 0. Let ©% be the J'th cube and define 6,.; to be the center of the cube, for
every j =1,...,J = (Cy/1)¥*)

For any 6 € @Ej), we have

Srml(e)‘ <

Sm-cl (&ij)

Sm-cl (‘9) - S’rml (an) §Tll€1 (enj)

+

<

+ 2OF1C27"”_IZ Y.
i=1

Choose r = [(?]°, ¢ > 1, so that 2Cr C2rE Y| < g/4 for all sufficiently large k. By

Bernstein’s inequality,

n

P 2Cp1(,frn’1z Yi| > 5/2] < 2exp [—azne’ (!

i=1
and
P[|Sut(0)| > /2] = P [0 |3 {¥iF (00055 X)) — B [ViF (8Os X0} > 5/2]
i=1
< 2exp [—b5n52] )
Therefore,
P |:SU.p §m{1(0>‘ > €:| <2M [eXp [—b5n£2] +eXp[ asne 4-40 4:|j|
0cO,

< exp [d(k) (In (Cy/r) + (1/2) In (d(r)))] [exp [—bsne?] + exp [—asne?]]

Observe that by the choice of r, d(k) (In(Cyp/r) + (1/2)In(d(k))) < 0 when n is

sufficiently large. The result of the lemma follows immediately. O

Define S.(0) = ESu.(f) and let 6, = arg m1®nS (0). Also define Sy(0) =
E K

16



E[Y — F (¢(0; X) + beo(X))]* and let 6,9 = arg em(ianS,{o(H).
E K

Lemma 5. For any n > 0, S,.g(é\m) - S,i(gﬁ) < n almost surely for all n sufficiently

large.
Lemma 6. For any n > 0, S,Qo(g,{) — Sk0(0k0) < 1 for all sufficiently large n.

Proof: The proof of Lemmas [5] and [0] closely follows the proof of Lemmas 2 and 3 in
Horowitz and Mammen (2004) and therefore is omitted here.
Define G; = g(X;), Z = F'(G;) Tw(ho(X?), hi(X}))Pu(X;). Also define Q. =
*1iZmZ’ and B,, = 11ZF’( ) Z,ibeo(X5). Let U = (Uy, ..., U,)" be the vector
of re&duals Under Assumptlons [1] through [7] the following results hold:

Lemma 7. H@,{ — Q,{ = O,(K*/n).

Lemma 8. v,

IQ 1Z’UH O,(k/n).
Lemma 9. ||B,|” = O,(x™%).

Proof: The proof of Lemmas and [9] follows the proof for corresponding lemmas in
Horowitz and Mammen (2004) and therefore is omitted here.

Now we are ready to prove Theorem [2 To prove part (a) of Theorem , note that

Su0(Bun) = Su(bn) = |Su0(Bue) = Su(B)]| + [ S1(Bu) = S.(0,)

+ [0 = $:0(8)] + [S10@) = SuolOro)|

From Lemmas [ and [6] and uniform convergence of S, to Sy it follows that for any
given h > 0 and 1 > 0 each of the four terms in the expression for Sﬁo(é’\nﬁ) — Swo(bro) is
less than 7/4 almost surely for all sufficiently large n. Therefore SHO(@\M) —Swo(f0) <17
almost surely for all sufficiently large n. Part (a) follows because 6,0 uniquely minimizes
Sko(+).

To prove part (d) of Theoreml define AG; = qzﬁ,{( wns Xi) — Gy = (b,i( wn; Xi) —
O (0r0; Xi) —bro(X;). From Taylor series expansion for 0.5, ( n,i) /00 = 0 it follows that:

% Z ZmUz - [Q\H + Rnl} ( nk Z F/ Zmb/fO (Xz) + RnQ =0. (9)

17



The residual terms have the form:

R =%i{—UiF"<@> — F(G)F"(G,) + (2F(G)F"(Gy) + F/(G)F"(G)AG,

)

+ ((F"(Gy)” + ;F"(G JF"(G)) (AG)*HT (B Xi) Pa( X)) (T (Bs Xi) Pe( X))

~

+ Z (F"(G3))* (T (B X3) P X)) (AT (Brs; X)) Pu( X))’
+ EZ{—U,-F’(GZ») + F(G)F'(Gy) + (U F"(Gy) + F(G)F"(G)AG;

RGO F(G) (AG) A(X,),

1 ! " = 2
‘|‘§F (G F"(Gi) (AGY) 5

and

- — —Z{U (F” é w(0r0; Xi) + F'(Gi) AT 0(X3))

1
—+ (5
+ S FG)F (@) (ol X)) PO X)

+ (F'(G))* AT wo(X:) Pa(X)bo(X5),

F/(G)F"(G;) + F'(G) F"(G,)bwo(X:)

where é, and C:’Z are the points between @Z = gb,i(am; X;) and G}, G;, and E, are the
points between ¢, (0.0; X;) and G;.

Following Horowitz and Mammen (2004), one can show that

" o o 1
Qs+ Bu) ™ = Q1 Z.T/nl = O, (mwm b0l [* + 5)

and that
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~ 1
1((QutRr) ™~ ZF’ D) Ziibro (Xi)+Ru2)|)* = O, (||9m — ol P + &—6) .
From the above results, it follows that

~ 1~
gnn - 950 - Q IZ/ U + Q ZF, ZNZbHO(X ) + Rn7 (10)

where || Rall = Oy (s + %)

Part (d) then follows from applying the result of Lemma [7| to the right-hand
side of @D

Part (b) of Theorem [2] follows immediately from part (d). To prove part (c), observe
that %( s ) — O (Oro; ) = fn(ﬁm, x)P (x )(Gm 0x0), where 5m lies between gm and
0,.0. Therefore, sup ’qﬁ,i( iy ) — On(Bi0; )| = O, (W + 53_1/2) .

Part (c) follows from this result and Assumption [f(iii). O
Proof of Theorem [3

I begin by showing several auxiliary lemmas that will be used in the proof of Theorem

3k

Lemma 10. Let

So1 () =n~" (Tu(ha(2?), by (21) Py(2)) Q1

X ZF’ (9(X;)) (Tulha(X3), ha (X)) Pu(X;)) U,

and

19



Define

Hia(2') = (nh) "2 Y [F'(g(a", X:))]” ha(X2)(X} = 2! ) Kl = X})dun (Xy),

i=1
n

Hio(2') = (nh) ™2 Y [F'(g(a", X:)]* ha(XB)(X] = 2" Kn(a' = X))da(X0),

=1
n

Hyg(a") = (nh) " 3 [F(g(a", X)) ha(X2) (X — 2 )P Ky (a! — X))ol X).

i=1
Then Hy(z) = 0,(1), where k = 0,1 and | = 1,2,3.

Proof: The proof is given for the case when k£ = 0. Similar arguments apply to the case
when k = 1.

Write Ho (z') = Y a;(2")U;, where
i=1

% (DB X2), hy (X2) Po(X5))

7

X Qp F (9(X5)) (Tu(ha(X7), i (X)) Pe(X;)) -

Rewrite a;(z') = n 2h 23 K, (2! — X})A;;(2') and define

i
i=1

ajl(a;l) = n’%h’%Kh(azl — Xl)Ajj(xl)

7

and
ajg(:zrl) —n 3 5 Kh(xl — Xl-l)Aij(xl)
i#]

To proof the claim for Hy(z') it suffice to show that sup  ajs(at)| =
21 |<1,1<0,j<n

0p,(n"2) for s = 1,2. From the Assumptions (iii), (iii) and |§|(1) it follows that

sup  |A4;;(z")| = O(k). This in turn implies that sup  |aji(zh)]
|2t |<1,1<6,5<n 21 |<1,1<i,j <n

—n2h 20(k) = op(n_%).
The proof of the result for ajs(x!) is identical to the proof of the same result of Lemma

7 in Horowitz and Mammen (2004). Therefore, Hy (z') = 0,(1).
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To prove the result for Hoy(z!), write

n

Hoa(a") = (nh) ™5 3 [F(ge!, X)) ha(X2) K (! = X))

X [(FN(hQ(Xzz)> hl(le))PH(Xz))] Bm

where B, = leﬁli [F/(Q(Xj))]2 (Fm(hQ(XJZ), hl(le))Pn(Xj)) bieo(X;)-

Arguments similar to those used to prove Lemma @ imply that E || B,|* = O,(k™*) .
So, Hop(x1) = Oy (k)% (nh)'7%) = 0,(1).

Finally, to prove the claim for Hyz(z'), recall that

Hoa(a") = (nh) "% 3 [F/(g(a", X)) ha(X2) (X! — 2!y K@ = XD)bua(X0).

=1

Then the result follows directly from Assumptions [3]and [1fi). O

~

Define g(x) = ¢, (0ns; x); that is, g(x) is the first-step series estimator of g(x).
Lemma 11. The following holds uniformly over |z'| < 1:
(a) (nh) = S, (2", 9) = Do(') + 0p(1);
(b) (nh) = Sy, (21, 9) = h? A Dy (2')(1 + 0,(1));
(c) (nh)= S0y, (2", 9) = W2 Ak Do(x') + 0y(1).

Proof: The result follows from Theorem (c) and bounds on sup > UI(X}! —
|zt|<1li=1
o) Ky(x! — X}!) for r =0,1 and s = 0,1,2. O.

)

Define Ahy(z!) = hy(z!) — hy(z), I = 1,2, and Am(z) = m(z) — m(z).

Lemma 12. The following holds uniformly over |z*| < 1:

(a) (nh)™7 Sy (21,9) = (nh) "7 Sy, (2, g) + (nh)? Do(a') Ahy () + 0,(1);

(b) (nh)"% Sl (21,G) = (nh) "2 Sy, (2, 9) + 0,(1).

Proof: To prove part (a), first observe that Taylor series expansion for S, (z',7) yields:
6

o (@,9) = St (&', 9) + S (),
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where

Ji(zh) :zz [F'(g(x", X))]* [Am(X;) + Ahy (21 )ho(X2) + ha(2) Ahy(X2)]
X [ha(X7) + Aho(X7)] Kp(z' — X});

Jo(at) = =2y [Yi = F(g(z', X0)] F'(9(a", X)) Aha(X7) K (2! — X});

=1

Jo(at) = = 23 [¥i = Flg(a', X)) F"(g" (@', X)) [Am(X:) + Al (o o ()
(") Aho(X2)] [ha(X2) + Ahy(X2)] (2t — X1

i

Ta(x') =2) F'(g(a', Xi)) F" (g™ (x", X:))[Am(X;) + Aha(z!)ha(X7)

+Z£1(f>Ah2(X§)]2 [7a(X7) + Aha(XP)] Ki(z' — X);
J5(x") —iF’(g(m’l, X)) F'(g" (2", X3))[Am(X;) + Aha (27) ha(X7)

:1711(x1)Ah2(Xi2)]2 [ha(X2) + Aho(X2)] Kzt — X1);
Jo(x") :Zn:F”(g*(fc%Xi))F”(g**(xl,Xi))[Am<Xi) + Aha(z')ha(X7F)

:lﬁl(xl)Ahz(Xf)]?’ [ha(X2) + Ahy(X2)] Kzt — X}).

and where g*(z!, X;), ¢** (2!, X;) are points between g(z', X;) and g(z', X,).
From Theorem [[¢) and Lemma [0} it follows that
(nh) ™2 Ji = [Dy(2") + Op(h*)] Ahy (") + 0,(1).

Theorem (C), Lemma [10] and standard bounds on sup >_ (X} — 2')*K},(z! — X}') for
|z1<1li=1

s =0,1,2 imply that
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(nh) ™2 Jg = Op(nh)'"* [ + F]") = 0p(1).
This concludes the proof of part (a) of Theorem .

To prove part (b) of Theorem , observe that the Taylor series expansion for
Sy, (21, 7) gives:

o (21,9) = Sp (', 9) + > Li(ah), (11)
where
Laa) =23 [F/lg(a’, X)) [Am(Xo) + Ahs (@)ha(X) + T (@) Mo (X))

x [ha(X7) + Aha(XD)] (X} — 2" K (2! — X});

i

Ly(a') = =2)  [Yi = F(g(e', X)) F'(g(a", X)) Ao (X7) (X} — ") K (¢! = X]) 5

=1

Ly(z') = — QZ (Vi — Fg(z', Xi))] F"(g™ (", X)) [Am(X;) + Ahq (') ho(X7)
+ ha (@) Aha(XP)] [ha(X2) + Aho(XD)] (X] — 2" ) Kp(2' — X});

)

Ly(z') =2) F'(g(a", X;))F" (g™ (z", X)) [Am(X;) + Ahy (2" ho(X7)

=1

() Ao (X)) [ha(X7) + Aho(X7)] (X} — ') Ki(a' — X));

Ly(a') =) F'(g(a", X)) F" (9" (2", X0))[Am(XG) + Ahy () ha(X7)

=1

(2 Aha (X)) [ha(XT) + Ahao(X7)] (X} — 2" Ki(a' = X));

]

n

Le(x') =) F'(g" (", X)) F" (g™ (x", X)) [Am(X;) + Ahy (z')ha(X7)

i=1

+ b (2!) Aho (X7 [ha(X7F) + Aho(XD)] (X} = 2! Kn(a' — X))

)

Using the result in Theorem (c), Lemma and standard bounds sup > (X} —

|z1|<1li=1
1) Ky, (2! — X}) for s = 0,1,2, one can show that (nh)_% Jm = 0,(1) form=1,...,6.

Therefore, (nh)_% Sl (2l g) = (nh)_% "5, (@', )+ 0,(1), which concludes the proof of
the lemma. O
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Now we are ready to prove Theorem [3| By definition, hy(z') — hy(z') = hy(2!) —

1 S;L/b by (fflﬁ)S;b (frlﬁ)*sﬁfb by (21,'9')5;1,1 (Z ’5)

hy(z') — == — 0 L——. Part (a) then follows from the results of
S;{bobo(zl,g)syl{blbl (ml,g)f[sy’{bobl (1179)]

Lemmas [11] and [12) and Assumption [6{(ii).

-8 (x1, Dy (z1)/Do(zV) |57, (x1,
Part (b): Define n = oo (@1 9+ nl}EDO)(/zl;( )] Shoy 2

Arguments like those used to prove asymptotic normality of a local linear estimator
imply that E(nn) = B1(z') +o(1) and Var(n®5n) = Vi(z') +o(1), and that n?/5y %
N(Bi(x1), Vi(z')). This proves the result in Theorem [3(b).

Part (c): One can show that Cov(n?/5(hi(z') — hi (1)), n?/5(ha(22) — ho(2?))) =
o(1). Therefore n?/5(hy(z') — hi(z1)) and n?/5(ha(22) — ho(2?)) have zero asymptotic
covariance. Part (c) then follows from this result and part (b) of Theorem [3| O
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