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Python Tutorial #4

Python Functions

In this tutorial, we will learn how to how to write a basic program that finds the integral of a function.  However, to do this, we need to know how to create a function in Python.  A nice tutorials on functions can be found at: https://www.w3schools.com/python/python_functions.asp
https://realpython.com/defining-your-own-python-function/.


In this tutorial we will find the integral to the function .  But, in general, the program can be used to find the integral of any general function (such as the Gaussian and Lorentzian functions in Bevington).  We will use the def statement to define a function called the square_root as shown below:

import numpy as np  # the alias for "numpy" will be "np"

def square_root(x):    # defining the square root function
    return np.sqrt(x)  # the value returned by the function

y = square_root(9)  # calling the square_root function above
print(y)            # print the result to the console screen

Notice that the def function block needs to be indented.  The code following a colon,“:”, needs to be indented in Python (which was also done for the for loops in Tutorial #2).  The code above finds the square root of 9 and prints it to the output console screen.

While Loops




To do numerical integrals in this tutorial, we will simply divide a curve into a set of rectangles as illustrated in Wikipedia: https://en.wikipedia.org/wiki/Integral.  In the figure below, the curve  is divided into 5 yellow rectangles (ignore the green rectangles for now) that overshoot the curve.  Simply adding up the area of these 5 rectangles will provide an approximate value of the integral from  to .  To do this in Python, we will use the while loop to sequentially add up the area of the rectangles.  The while loop needs to be indented (therefore, it needs to be followed by a colon, “:”) to indicate to Python what is to be executed within the loop.  Examples of while loops can be found at: https://www.w3schools.com/python/python_while_loops.asp.  See the code below in the Integrals section to see an example of the while loop.

[image: ]













Integrals

Create a Python project and call it Integral.  Insert the following code into your project:

import numpy as np  # the alias for "numpy" will be "np"

def square_root(x):    # defining the square root function
    return np.sqrt(x)  # the value returned by the function

y = square_root(9)  # calling the square_root function above
print(y)            # print the result to the console screen

Lower_Limit = 0  # lower limit of integral
Upper_Limit = 1  # upper limit of integral

#########  Area using the Rectangular approximation  #########

N = 5            # Number of rectangles (or divisions)
dx = (Upper_Limit - Lower_Limit)/N  # length of base of rectangle
x = Lower_Limit   # forcing x to start at the lower limit
i = 1             # initializing the index i
sum = 0.0         # initializing sum to be zero
while i <= N:     # while i is less than or equal to N, execute the while loop
    x = x + dx   # increment x to the next value of x  (x = 0.2, 0.4, 0.6, 0.8, 1)
    area = dx*square_root(x)  # area = base  height
    sum = sum + area          # add the area to "sum"
    i += 1   # i = i + 1

print("Area via Rectangular approximation:", sum)  # print the total area


Notice that N is the number of rectangles (or divisions), the upper and lower limits of the integral have been defined (0 and 1, respectively), and the width of the rectangle (dx) is defined.  As the index i increments from 1 to 5, the area of the rectangles (base  height) is computed on the line:  area = dx*square_root(x).  The variable sum iteratively adds up the area of all the rectangles.  When i is greater than 5, the while loops stops and the program goes to the print line, print(sum), where the total area is written to the output console screen.


For N equal to 5, the area evaluates to 0.7497 (like on the Wikipedia webpage) whereas the true area is equal to 2/3 .  Increasing N to 500 (rectangles) gives an area of 0.6676 which is much closer to the desired value of 2/3.

A much faster was to converge to the correct solution is to divide the curve into trapezoids instead of rectangles.  That significantly reduces the overshoot error (or undershoot error depending how one inscribes the rectangles—the yellow rectangles in the figure above produces an overshoot in the area, while the green rectangles in the figure above produces an undershoot in the area).  A curve divided into trapezoids is shown below (from: https://en.wikipedia.org/wiki/Trapezoidal_rule, see also https://tutorial.math.lamar.edu/Classes/CalcII/ApproximatingDefIntegrals.aspx):
[image: ]







The area of a trapezoid is  where  and  are the lengths of the parallel sides of the trapezoid,  and  in the figure above, and  is the thickness of the trapezoid,  in the figure above.  As seen in the Wikipedia webpage, when one sums up all these rectangles, one gets the following formula for the integral:

Trapezoidal approximation:

[image: This is the graph of some unknown function on the domain a<x<b that is completely in the 1st quadrant.  The domain is broken up into 6 subintervals defined by $x_{0}$, $x_{1}$, $x_{2}$, $x_{3}$, $x_{4}$, $x_{5}$ and $x_{6}$.   Each pair of endpoints defines the (equal) width of a trapezoid (i.e. the base is on the x-axis and the top is simply the line that connects the two endpoints which are on the graph of the function) above it.]








Compare this with the Rectangular approximation used in the previous section above:

[image: This is the graph of some unknown function on the domain a<x<b that is completely in the 1st quadrant.  The domain is broken up into 6 subintervals defined by $x_{0}$, $x_{1}$, $x_{2}$, $x_{3}$, $x_{4}$, $x_{5}$ and $x_{6}$.   Each pair of endpoints defines the (equal) width of a rectangle above it and between each pair is another number defined by $x_{1}^{*}$, $x_{2}^{*}$, $x_{3}^{*}$, $x_{4}^{*}$, $x_{5}^{*}$ and $x_{6}^{*}$.  These are the heights of each rectangle.]






The Python code using the trapezoidal rule is shown below:


import numpy as np  # the alias for "numpy" will be "np"

def square_root(x):    # defining the square root function
    return np.sqrt(x)  # the value returned by the function

y = square_root(9)  # calling the square_root function above
print(y)            # print the result to the console screen

Lower_Limit = 0  # lower limit of integral
Upper_Limit = 1  # upper limit of integral

#########  Area using the Rectangular approximation  #########

N = 5            # Number of rectangles (or divisions)
dx = (Upper_Limit - Lower_Limit)/N  # length of base of rectangle
x = Lower_Limit   # forcing x to start at the lower limit
i = 1             # initializing the index i
sum = 0.0         # initializing sum to be zero
while i <= N:     # while i is less than or equal to N, execute the while loop
    x = x + dx   # increment x to the next value of x  (x = 0.2, 0.4, 0.6, 0.8, 1)
    area = dx*square_root(x)  # area = base  height
    sum = sum + area          # add the area to "sum"
    i += 1   # i = i + 1

print("Area via Rectangular approximation:", sum)  # print the total area

#########  Area using the Trapezoidal approximation  #########

N = 5            # Number of rectangles (or divisions)
dx = (Upper_Limit - Lower_Limit)/N  # length of base of rectangle
x = Lower_Limit  # forcing x to start at the lower limit
j = 1            # initializing the index j
sum_trap = 0.0   # initializing sum_trap to be zero
while j <= N:    # while j is less than or equal to N, execute the while loop
    x = x + dx   # increment x to the next value of x  (x = 0.2, 0.4, 0.6, 0.8, 1)
    if j == 1:
        fx = square_root(x)  # = f(xo) at the endpoint, do not multiply by 2
    elif j == N:
        fx = square_root(x)  # = f(xN) at the endpoint, do not multiply by 2
    else:
        fx = 2.0*square_root(x)  # = 2f(xj) at all other points, multiply by 2
    sum_trap = sum_trap + fx     # add the area to "sum_trap"
    j += 1  # j = j + 1

sum_trap = (dx/2.0)*sum_trap  # multiply total sum by dx/2 to get total area

print("Area via Trapezoidal approximation:", sum_trap)  # print the total area


Note that when N is set to 5, the area evaluates to 0.6050 (a much better value than for the rectangular approximation value of 0.7497) which is close to the true value of 2/3.  Setting N to 500 trapezoids give an area of 0.6666 which is almost the desired value of 2/3 .
Homework



Extend the Python code to include code using Simpson’s Rule for finding the area (see the Wikipedia webpage:  https://en.wikipedia.org/wiki/Simpson%27s_rule and https://tutorial.math.lamar.edu/Classes/CalcII/ApproximatingDefIntegrals.aspx).  Divide the curve into  regions where  is an even number.  Approximating the region covering two regions with a parabola gives the following Simpson’s Rule:

Simpson’s Rule  (parabolic approximation):




[image: This is the graph of some unknown function on the domain a<x<b that is completely in the 1st quadrant.  The domain is broken up into 6 subintervals defined by $x_{0}$, $x_{1}$, $x_{2}$, $x_{3}$, $x_{4}$, $x_{5}$ and $x_{6}$.   Each triplet of numbers forms a double width object above it (so only three objects in this graph).  The height of the object above each point is on the graph of the function and the three points are curve fit to a quadratic polynomial that will approximate the actual function over the object.]Notice the 3 parabolas for these 6 regions















For your conditional if-elif-else statements, you may wish to make use of the modulo arithmetic operator discussed in class:  https://realpython.com/python-modulo-operator/).

Example:  15 mod 4 = 3  (the remainder of 15/4 is 3)
                  In Python this is written as 15 % 4  (where % is the mod operator)


(a) 
What value do you get for all 3 approximations when ?

(b) 
[image: ]What value do you get for all 3 approximations when ?

(c) 

To obtain an area good to 8 significant figures, roughly how large must  be?  How long does it take for each approximation for this value of  (use the time() function in Python—see example)?

(d) 











To 8 significant figures, the area of the curve should be 0.66666667.  Write a program for each approximation method that will increase  until the difference in the area calculation for subsequent calculations becomes  (thus, the value of  will be automatically varied by the program).  For example, for a value  the area is .  For a subsequent value  the area is .  Then we will know that we have adequately evaluated the correct area when  where the 8th significant digit no longer changes for increasing .  The difference between  and  does not have to be 1.  It may be easier and quicker to double  for each successive calculation of the area.  Also find the time it takes to do the calculation.

Upload to Blackboard the source code (*.py) for your Python program (do not worry about making executables).  You will see an assignment on Blackboard called Python Tutorial #4.
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import time

start = time.time()
print("hello")

end = time.time()
print(end - start)
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