
2D Quantum Structures
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Electrons in semiconductor quantum structures:

Envelope function approximation

Idea:

• Electrons in a semiconductor are

free quasi particles

• Microscopic crystal structure

→ effective quantities, e.g., m→ m∗

⇒ dispersion E(k) =
~2k2

2m∗
+ O(k3)

• external potentials V : ~k → −i~∇

⇒ Ĥ = E(−i∇) + V ≈ −
~2

2m∗
∇2 + V

⇒ envelope function Ψ(r)

• magnetic field: hk → −ih∇ + eA
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Origin of Zeeman Splitting

and Spin-Orbit Coupling (1)

Relativistic

Particle Physics

↪→ decoupling particles
and antiparticles

E = 0
2mc2

particles, E > mc2

E < −mc2antiparticles,
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⇒ Pauli Equation

H =
p2

2m
+ V

kinetic and
potential energy

+
g

2
µB σ · B Zeeman term

+
~

4m2
0c

2
(∇V ) × p · σ

Pauli spin-orbit
coupling
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Origin of Zeeman Splitting
and Spin-Orbit Coupling (2)

Semiconductors

↪→ decoupling electrons
and holes

k

E

electrons

holes

(s)

(p)

⇒ effective Hamiltonian

H =
p2

2m∗
+ V

kinetic and
potential energy

+
g∗

2
µB σ · B Zeeman term

+ α (∇V ) × p · σ
Rashba spin-orbit
coupling

Electrons (s-like)

strict one-to-one correspondence

particles ⇔ electrons

Holes (p-like)

spin s = 1/2
orbital angular momentum l = 1

j = 3/2
& j = 1/2

Roland Winkler, University Hannover 4



Dispersion Eν(k): k·p method

[

p̂2

2m0
+ V̂ lattice + V̂ SO

]

ψνk(r) = Eν(k)ψνk(r)

with ψνk(r) = eikr uνk (r)

= eikr
∑

n′

cνn′ (k) un′0 (r)

∑

n′

[

En(0) δnn′ +
~

m0
k·Pnn′ + ∆nn′

]

cνn′ (k) =

= Eν(k) cνn (k)

E

k

k  p

k  p

.

.
∆

with

Pnn′ = 〈un| p̂ |un′〉

∆nn′ = 〈un| V̂ SO |un′〉

k = 0: unperturbed

band edge states

k 6= 0: admixture of

neighboring bands

k � 2π/a (a = lattice constant)

⇒ perturbation theory for wave vector k
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Envelope Function Approximation

[

p̂2

2m0
+ V̂ lattice + V̂ SO + V̂ ext

]

Ψ(r) = EΨ(r)

with Ψ(r) =
∑

n′

φn′(r) un′0 (r)

V̂ ext slowly varying

∑

n′

[

(

En(0) + V̂ ext

)

δnn′ +
~

m0
(−i∇) ·Pnn′

+∆nn′

]

φn′ (r) = E φn (r)
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Orbital motion in an external potential V

− add V to the diagonal of k · p matrix

− ~k → −i~∇ + eA

perturbative decoupling cb – vb

(similar to: Dirac equation → Pauli equation)

⇒ new terms in the conduction band:

(1) effective mass: Ho = ~2 k2

2m∗ + V

with
mo

m∗
∝ P2

(

2

Eg
+

1

Eg + ∆

)

(Kane, 1957)

(2) [kx, ky] = e
i~Bz ⇒ HZeeman = g∗

2 µB σ · B

with g∗ ∝ P2

(

1

Eg
−

1

Eg + ∆

)

(Roth, 1959)

(3) [k, V ] = −i∇V = −i eE

⇒ HRashba = αk × E · σ

with α ∝ P2

(

1

E2
g
−

1

(Eg + ∆)2

)

E

E

k

g

∆

P
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Rashba effect

and Ehrenfest theorem

According to the Ehrenfest theorem: 〈E〉 = 0

“No force is acting on bound states”

Why is the Rashba effect not vanishing?

Due to the k · p

coupling the electrons

are sensing the

electric field in the

valence band

(Lassnig 1985)

�����������������������������
�����������������������������
�����������������������������

�����������������������������
�����������������������������
�����������������������������

Ev

z

Ec

z

Roland Winkler, University Hannover 9


